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An Adaptive Tracking Controller Using Neural
Networks for a Class of Nonlinear Systems

Man Zhihong, H. R. Wu, and M. Palaniswansienior Member, IEEE

Abstract—A neural-network-based adaptive tracking control boundary layer by using adaptive neural networks. However,
scheme is proposed for a class of nonlinear systems in this paper.the output tracking error between the controlled plant and its
It is shown that RBF neural networks are used to adaptively yagjreq reference trajectory cannot converge to zero due to the

learn system uncertainty bounds in the Lyapunov sense, and the imati bet th t tainti dth
outputs of the neural networks are then used as the parame- approximation error between the system uncertainties an e

ters of the controller to compensate for the effects of system Outputs of the neural networks.

uncertainties. Using this scheme, not only strong robustness with  In this paper, we propose a new neural-network-based robust
respect to uncertain dynamics and nonlinearities can be obtained, adaptive tracking control scheme for a class of nonlinear
but also_ the output tracking error between_the plant output and systems based on [5], [9]-[11], [13], and [14]. It is shown
the desired reference output can asymptotically converge to zero. that, unlike all other neural-network-based control schemes
A simulation example is performed in support of the proposed ! .
neural control scheme. [1], [2], [6], [8], neural networks are not directly used to
learn the system uncertainties, but they are used to adaptively
learn the bounds of uncertain dynamics in a compact set.
The outputs of the neural networks then adaptively adjust
the gain of the sliding mode controller so that the effects

. INTRODUCTION of system uncertainties can be eliminated and the output

N RECENT years, the neural-network-based control teciiacking error between the plant output and the desired ref-

nique has represented an alternative method to solve fifence signal can asymptotically converge to zero. Because
problems in control engineering. The most useful propertbe adaptive neural learning skill and the sliding mode control
of neural networks in control is their ability to approximatdechnique are combined in this paper, the proposed neural
arbitrary linear or nonlinear mapping through learning. It i§ontrol scheme behaves with strong robustness with respect
because of the above property that many neural-network-ba&edinknown dynamics and nonlinearities. It will be further
controllers have been developed for the compensation for §ftown that it is convenient to use neural networks to learn
effects of nonlinearities and system uncertainties in contrd®me uncertainty bounds which are time-varying functions
systems so that the system performance such as the stabiigh high nonlinearities, and then the sliding mode control
convergence, and robustness can be improved. can be easily implemented.

It can be seen from the recent development of the neural-This paper is organized as follows. In Section II, the design
network-based control systems that, by suitably choosiff the sliding mode control using the known uncertainty
neural-network structures, training methods, and sufficieP@unds are briefly reviewed, and two RBF neural networks
past input and output data, the neural networks can be wé$ied to learn the system uncertainty bounds are formulated. In
trained to learn the system forward dynamics to predict ti§g€ection lll, an RBF neural-network-based adaptive tracking
future behavior of the systems for the predictive control arf@ntroller is proposed and robustness and error convergence
model following control, or to learn the inverse dynamics fopf the closed-loop control system are discussed in detail. In
inverse control. However, the stability, error convergence, afgction 1V, a simulation example using a one-link rigid robotic
robustness have not been fully proved for these off-line traing#nipulator is performed in support of the proposed control
neural-network-based control systems because of the hEgeme. Section V gives concluding remarks.
nonlinearity of the neural networks and the lack of feedback
[1]. The recent developments in [2], [6], and [8] using adaptive Il. PROBLEM FORMULATION
el etk ot s ol T 315 s aper. e s o e s o s o

’ dsed robust adaptive tracking controller for a class of single-

asymptotic error convergence can be guaranteed Wlthlnin%ut and single-output nonlinear systems whose dynamical

Index Terms—Adaptive control, asymptotic stability, neural
networks, nonlinear systems, robustness, uncertain dynamics.

. . _ e%uations can be expressed in the following form:
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the control input, and f(z(t),#(t),---,z*"(t)) and where C = [c;,---,¢,] is chosen such that zeros of the
b(x(t), &(t), - - -,z (¢)) are unknown nonlinear functions.polynomial Ce are in the left half of the complex plane. For
For general consideration, the following assumptions acenvenience, we let, > 0. Usually, s is called the switching
made. plane variable and’e = 0 is called the sliding mode in sliding
A1) The nonlinear functiory(z(t), &(t), - --,z*~D(¢t)) is mode control [3]-[5], [13]-[14].
upper bounded If b(X) and fo(X) are known, the standard technique of
the sliding mode control can be used to design the control
fl(t), &(t), - - -,x("_l)(t)) input. The results on the design of the sliding mode controller
< fola(t), #(8), -+, 2D (1)) 2) and the analysis of the error convergence can be summarized

in the following theorem.

h . (=) . itive func- Theorem 1: Consider the error ijnar_nics in (7) for the
r;/orfrefo(x(t),x(t), - (#)) is & positive func nonlinear system (1). If the control input is designed such that
A2) The sign of control gaim(z(t), #(t), - - -, =1 (¢)) is sian(s)
known (b(-) > 0), and it is lower bounded u=-— X) [[CAe| + |C(A — Ap) X
nV1
b((t), (), -, D @) + cnfo(X) + [CBpr]] 9)
- n—1
> bu(e(t), &(t), -, ! )(t)) (3) then the output tracking error asymptotically converges to zero.
Proof: Defining a Lyapunov function
whereb, (z(t), z(t), - - -, (*~1(t)) is a positive func- gabyap
tion. v 1, 10
Equation (1) can also be expressed as the following state = 3% (10)
equation:
a and differentiating’ with respect to time, we have
t=AX+Bu+F 4 V= st
where X = [.’IZ', Z, - ,.’L'("_l)]T = S[CAG + C(A - Arn)Xrn + CF - CB,,r+ CBU]
= sCAe+ sC(A— Ap) X — sen f(X) — sCBy,r
010 - 0 b(X)
- s|[|CAe| + |C(A — A,) X,
. 5y PIIC Al +C(A = Am) X
A= ' + cnfo(X) + |CBmr]]
' X
I < (s -1 elicad
T U = A+ 1CBr]
+ - Am m + m7T
F=10--,—f(X)]. - mcnlsl(fo(X)—lf(X)l)
The desired reference model for the system (4) to follow is < _l’(_)()cn|3|(f0(X) —f(XOD
given by b1 (X)
=—7|s| <0 for |s| Z0 (11)
-/trn, = Arn,Xrn, + BnLT(t) (5)
where
whereX,,, = [z, &m, 2o V¥, Am and B, are known
constant matrices, andt) is the input of the reference model. b(X)
Defining the output tracking errer= = — x,,,, and an error =y ) en(fo(X) — |f(X)]) > 0. (12)
vector L
- n—1)7T
o(t) =X = Xy = [e,é,---,e"7Y] (6) Equation (11) with (12) means that the switching plane vari-

able s reaches the sliding mode= Ce¢ = 0 in a finite time
where e® = 2z — 3 (5 = 0,.--,n — 1), the error according to Lyapunov stability theory [5], and then the error
dynamics can then be obtained by using (4)-(6) as followsdynamics satisfies the following differential equation in the

sliding mode:

ée=Ae+(A—-A)Xm +F — B,r+ Bu. (7)
cne™ D 4 e =0. (13)

For further analysis, a variableis defined as follows:

Therefore, the output tracking error asymptotically converges

s=Ce (8) to zero.
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In this paper, we consider the case that the positive nonlinear Il. THE DESIGN OF THE
functionsb; (X') and fo(X) are unknown. Now we define NEURAL-NETWORK-BASED CONTROLLER
ki(X) = b7H(X) (14) For the design of the neural-network-based controller, the

. adjustment of the weights, and the analysis of the error
F2(X) = fo(X) (15) convergence, we have the following theorem.

and the following two RBF neural networks are used to Theorem 2:Consider the error dynamics in (7) with As-

adaptively learn the uncertain bounéis(X) and k»(X) in sumptions Al to A4. If the control input is designed such

(14) and (15), respectively, that
Fu(X, 01) = 0 ¢(X) (16)  w = — (67 (X)) e; sign(s)[|CAe| + [C(A — Ap) X,
FalX,02) = 0 () an + [CB,r]] = 0 (X ¥(X )sign(s) (24)

where él and éQ are the weight vectors of the RBF neural . . . .
networks in the above, and the vectasX) € R"! and where the weight vectors are adjusted by using the following

¥(X) € R™? are Guassian type of functions defined as adaptive mechanisms:

<2 5 d d
¢i<x>:exp<_M) =12 m1 8  O1=mlCAc+|C(A = Ap)Xp| + |CBurllls|¢(X)

Tl (25)
_ | X = cai? _ 5 _ .
z/}Z(‘T) =exp| — P] t= 17 27 T ,712. (19) 92 - 7/]267L|$|r(/}(‘x) (26)
T2;

Remark 1: ci; € R™, ¢o; € R™, 01, € R!, and oy, € R! with adaptive gains;; > 0, 72 > 0, and initial values of the
in (18) and (19) are predetermined, and the local trainif¥eights
technique in [15] can be used to choasg, c;2, o1, andoo;. R R
In this case, the adjustable weigltks and §, appear linearly 61:(0) 20 and 6,;(0) >0
with respect to the known nonlinear functiop&X ) and(X), (k=1,---,nl;5=1,---,n2).
respectively, [6] and [15].

For the further analysis, the following assumptions aféen the output tracking error asymptotically converges to zero.

made. Proof: Defining a Lyapunov function
A3) Given two arbitrary small positive constants and 1 1 o 1 o
wo and two continuous functionky (X) and k»(X), V= 582 + Qﬁfl91T91 + §U§195192 (27)

defined in (14) and (15), on a compact $&t there

exist two optimal weight vector8; and 85 such that where
the outputs of the two optimal neural networks with
enough nodes satisfy [2], [6]

le1 (0] = |17 $(X) — k1 (X)| <y (20)

le2(X)] = [657 9 (X) = ko (X)[ < w2 (21) Differentiating V' with respect to time, we have
A4) The uncertainty boundg (X) and fo(X) in (2) and | . .
(3) also satisfy the following inequalities on the com-V = s5 — ny 67 61 — 1y 63 6
pact set>: = s[CAe+ C(A— A,)) X + CF — CB,,r + CBu|

=0t —6;, i=12 (28)
;= —0; i=1,2. (29)

0<by(X) < L (22) — 0761 — 0y 6% 6,
B = sCAe+ sC(A — A) X — sSCBpyr — sen f(X
FolX) = F()] > . @3) (4= An) o
— [[CAe| + |C(A = Ap) Xin| 4 |CByr|]b(X)]s]
Remark 2: Two Assumptions A3 and A4 are reasonable. 6T (XN — b(X 0T b( XL (X
Assumption A3 reflects the approximation capability of neural | (67 ¢(X))” — (X )enlsl67 (X0 z/}F )
networks, and it has been proved and used by many researchers — [|CAc| + |C(A = An) Xin| + |C?m7 [ls]
[1], [2], [6]-[8], [15]. And A4 gives the flexible ranges of x (057 — 07 )p(X) — |s]ea (057 — 63 )pp(X)
b1 (X) and fo(X) together with Assumptions Al and A2. = —[|CAc| + |C(A — A) X | + |C B ]6(X))|s]
The objective of this paper is to use the RBF neural A 2
networks in (16) and (17) to learn the uncertain boukds\) x (61 9(X) A+ [[CAel +]c(A - AA’")X’"| )
and k»(X) in (14) and (15), and the outputs of the neural  + |CBumr|]|s|6] ¢(X) — [|slcnb(X)6] ¢(X)83 9(X)
networks are then used as the parameters of the controller _ |3|cné2T¢(X)] + [sCAe + sC(A — Ap) Xp
so that the output tracking error between the plant and its sCBt] — [|CAe| + [C(A = 4,) X
reference model can asymptotically converge to zero and o o
strong robustness with respect to uncertain dynamics can be + [CBmr[][s107" $(X) — [sc, f(X) + 057 9(X)en]s[]
guaranteed. (30)
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The first two terms in (30) can be written as follows: the fourth and the fifth terms in (30) can then satisfy the

. following inequality:
7 7 7 2
~[|CAe] + |C(A — Apn) X | + |CBr|[(X)|s] (6] ¢(X))

F[|CAe| + [C(A = A2)Xon| + |CBorr[]|5|6% $(X)
= (= W(X)OT ¢(X) + 1)[|CAe| + |C(A — Ap) Xy
+ |CBpr[]|s]6] $(X). (31)

sCAe+ sC(A — A, X, — sCB,,r
— [ICAe| +|C(A = Ap)Xon| + |CBur [lIs]67 $(X)
_(HTT(f)(X) - 1) [|CAe| + |C(A = A ) Xoni|
+|CBnr|]|s| £ 0. (38)

It is noted that
Finally, the sixth term in (30) can be expressed as

_ AT

b >9b ¢)<(X9> 1 —senf(X) = eals|037 $(X)
< by (X)f ( )+ < —|slen (057 (X)) — ko + ko + | f(X)])

= —hi(X) (67 () = —Jslen(e2(X) + Ey — (X))

= bl s f 00077500 1) < —slen(eaX) +w2)

bl(X)[( T - Q*T) H(X) + (X )] = —k1|s] <0 for |s| #0 (39)
< bl(X)[( f Q*T) X) - wl] with
= —bi(X [( — 1) (X)) K1 = cn(e2(X) +wa) > 0. (40)

+771/ (|CAe| + |C(A = An) X Therefore, using (35), (38), and (39) in (40), we have
0 V < —kils|  for|s| #0. (41)

+ [CBur])ls|¢(X)) dt)p(X) —wi|  (32) _ . .
Equation (41) means that the switching plane variabte Ce

converges to zero in a finite time according to Lyapunov

. . AT .
and by suitably choosing; (0) in the sense that stability theory [5]. Then, it can be seen from (13) that the

[(élT(O) _ QTT)(/)(X) _ wl] >0 (33) ogtput tracking error asymptotically converges to zero in the
sliding modeCe = 0.
we have Remark 3: The robustness properties of the neural-
N network-based adaptive controller in (24) may be summarized
—b(X)8] ¢(X) + 1 as follows. 1) When the output tracking error is large due to the

effects of system uncertainties, the outputs of the RBF neural
networks are adaptively increased according to the update
t laws in (25) and (26). The control gain can then be increased
+771/ (|CAe| + |C(A — Ay) X | to eliminate the effects of uncertain dynamics, and drive the
0 switching plane variable s to the sliding mode. In the sliding
+ |CBr))|s|¢(X)) dt)p(X) — wy | <0(34) Mode, the output trackin_g error asymptotically converges to
zero. 2) The error dynamics of the closed-loop system are only
Then determined by the sliding mode parameters and are insensitive
to system uncertainties and bounded disturbances in the sliding
—[|CAe| +|C(A - Ap)Xim| + |Cer|]b(X)|{<;|(éle)(X))2 mode. 3) It can be seen from (24) that the controller does not
+[|CAe| £ |C(A = A)Xon| + |CBmr[]|5|6T $(X) require any knowledge of the controlled r]onllnegr ;ystem,
AT and only the outputs, tracking error and its derivative are
= (_ b(X)O1 P(X) + 1)[|OAC| +|C(A = A ) Xon| used for the design of the controller though the system has
+ |OByr|]|s]6] $(X) < 0. (35) nonlinearities and parameter uncertainties.
Remark 4: It can be seen from the above theorem that the
Similarly, using (34), the third term in (30) satisfies thgueights of the RBF neural networks are adjusted in Lyapunov
following inequality: sense. Therefore, it is not necessary for the weights of the
AT AT AT neural networks to converge to their optimal values, but
_|S|C"b(X)91A¢(X)92 P(X) + |‘f|0"92 P(X) the values of the weights are adaptively increased until the
= (=b(X)B] $(X) +1)|s|cab; (X) < 0. (36) switching plane variable s converges to zero. Then the weights
will become constants to guarantee that the output tracking
error asymptotically converges to zero in the sliding mode.
T HX) =1 =0T p(X) —ky + ky — 1 Remark 5: It can be seen from (24) that the neural networks
) used in this paper are essential to realize the nonlinear adaptive
=) +h 1 control law because the uncertainty boungd&X ) and fo(X)
<k — 14w are unknown nonlinear functions. However, if(X) and
= (X)=(1—w) >0 (37) fo(X) are constants, the design of the controller and adaptive

< 00| (@0~ 7))

Now considering Assumption A4, we have
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laws can be greatly simplified without using neural networksumerically in this simulation. Fig. 1(a)—(c) shows the system

[5]. output tracking, tracking error, and control input signal where
Remark 6: The sign functionsign(s) is involved in the each of two neural networks has 15 neurones and 15 weights.

control signal in (24), and therefore chattering may occur ifhe widths, centers and initial values of the weight vectors of

the control input. Based on the principle of boundary layehe Guassian functions are chosen as follows:
control technique in [3]-[5], the control input can be smoothed

by using(s/é’) to replacesign(s) when|s| < &, whereé’ is

0?2 =025

a positive number. As shown in [3]-[5], the boundary layey, — [; %7 (;=0,1,2, andk = —2,—1,0,1,2)

controller offers a continuous approximation to the chatterin
control input signal inside the boundary layer, and guarante€s$

9.(0) = 6:(0) =

. . T
attractiveness to the boundary layer and ultimate boundedné8s> 0-5 0-5,0.50.50.5 0.5 0.5,0.5 0.5 0.5 0.5 0.5 0.5 0.5]" .

of the output tracking error to within a neighborhood of th
origin depending on¥’. However, the drawback is that th

output tracking error can not converge to zero.

IV. A SIMULATION EXAMPLE

eﬁ can been seen that good tracking performance has been

obtained.

Fig. 2(a)—(c) shows the good system performance where
each neural network has only six nodes and six weights, and
the corresponding widths, centers and initial values of the

To illustrate the adaptive neural control scheme proposedV”@ight vector of the Guassian functions are chosen as follows:

this paper, a simulation example for a one-link rigid robotic
manipulator is performed. The dynamic equation of the one-

link rigid robotic manipulator is given by [12]

mi%G + dg + migcos(q) = u (42)

EY (j=0,1, andk = —1,0,1),
6.(0) = 6,(0) =[05 05 05 05 0.5 0.5]7.

where the link is of lengtlh and massn, andq is the angular After we compare Fig. 1(a)—(c) with Fig. 2(a)—(c), the follow-

position with initial valuesg(0) = 0.1 and §(0) = 0.

ing facts have been noted: First, the RBF networks used for the

The above dynamical equation can be written as the falimulation results in Fig. 1(a)—(c) are over-parameterized, and

lowing state equation:

m - {8 (1)} m * [—(le)‘ldq‘O— gl cos(q)

Limity

For simplicity, the parameters in (42) are chosen as

(43)

m=Il=d=g=1.
The reference model is defined as
Gr _ 0 1 qr 0 X
2] =1 ]+ [

where [¢,.(0) ¢.(0)]Y = [0 0]Y and r(¢) is a periodic
rectangular signal.
The controlleru is designed as

w=— (T $(X))*(10[¢] + |16g, + 8,.| + |r(t)]) sign(s)

(44)

— 67 p(X)63(X) sign(s) (45)
where
X=lg ", e=q—q s=10e+4¢ (46)
S 3 2

According to (24) and (25), are updated by

61 = 5[10¢| + |16q, + 84| + [(t)[]|s|¢(X) with 7 =5
(48)

0, = 5|s|p(X)  with ny = 5. (49)

The Runge—Kutta method with the sampling intervsll” —

the amplitude of the control signal is relatively high. Second,

by properly choosing the widths of Guassian functions of the

RBF neural networks, the number of nodes and weights can
be greatly reduced, and the amplitude of the control signal can
also be reduced as shown in Fig. 2(a)—(c).

Fig. 3(a)—(c) shows the simulation results where the num-
bers of nodes and weights of the neural networks are the same
as the ones used for the simulation results in Fig. 2(a)—(c).
However, the width of the of Guassian functions of the RBF
neural networks are modified ag§ = 0.64. It is seen that
the amplitude of the control signal has been increased and the
steady state of the system output is not smooth because of the
effects of the large input chattering signal.

Fig. 4(a)—(c) shows the simulation results where the num-
bers of nodes and weights of the neural networks are the same
as the ones used for the simulation results in Figs. 2(a)—(c)
and 3(a)—(c), but the initial values of the weight vectors are
changed as follows:

6:(0) = 6,(0)=[02 02 02 02 02 0.2

It can be seen that the error convergence is a little bit slower
than the one in Fig. 3(a), but the amplitude of the control
signal is greatly reduced in the first period and therefore, the
steady-state response of the system output has been greatly
improved compared with Fig. 3(a).

Fig. 5(a)—(c) shows the system performance where the sign
function sign(s) in the control input in Fig. 3(c) is replaced
by s/0.27. It is seen that the chattering is eliminated and
the amplitude of the control signal is greatly reduced [3]-[5].
However, as discussed in Remark 6, the drawback is that the

0.01 s is used to solve the nonlinear differential equatiooutput tracking error cannot converge to zero.
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V. CONCLUSION paper. Our analysis and simulation results have shown that

A new adaptive tracking controller using RBF neural nethe RBF neural networks can adaptively learn the system
works is proposed for a class of nonlinear systems in thimcertainty bounds, and the outputs of the neural networks can
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Fig. 3.  (a) The output tracking of the angular position. (b) The outpiiy 4 (a) The output tracking of the angular position. (b) The output

tracking error of the angular position. (c) The control input signal.

tracking error of the angular position. (c) The control input signal.

then adaptively adjust the gain of the controller to eliminate thgod tracking performance using the proposed control scheme.
effects of dynamical uncertainties and guarantee asymptodilso, the effects of the width of the Guassian functions, initial
error convergence. The simulation results have shown thalues of the weight vectors, and the number of nodes on
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multiinput and multioutput nonlinear systems is under the
authors’ investigation.
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